We present an algorithm for computing the 2-group e C res F of narrow logarithmic divisor classes of degree 0 for number fields F . As an application, we compute in some cases the 2-rank of the wild kernel WK2(F ) and the 2-rank of its subgroup K ∞ 2 (F ) := ∩ n≥1 K n 2 (F ) of infinite height elements in K2(F ).
Introduction
pointed out that the wild kernel WK 2 (F ) of a number field F can also be studied via logarithmic class groups, the arithmetic of which he therefore developed (Jaulent, 1994b) .
More precisely, if F contains a primitive 2 -th root of unity, the -rank of WK 2 (F ) coincides with the -rank of the logarithmic class group C F . So an algorithm for computing C F for Galois extensions F was developed first by Diaz y Diaz & Soriano (1999) and later generalized and improved for arbitrary number field by Diaz y Diaz, Jaulent, Pauli, Pohst & Soriano (2005) .
In case the prime is odd and the field F does not contain a primitive -th root of unity one considers the cyclotomic extension F := F (ζ ), uses the isomorphism µ ⊗ C F WK 2 (F )/WK 2 (F ) , and gets back to F via the so-called transfer (Jaulent & Soriano-Gafiuk, 2001; Soriano, 2000) . The algorithmic aspect of this is treated by Pauli & Soriano-Gafiuk (2004) . In case = 2, whenever the condition ζ 2 ∈ F is not fulfilled, the relationship between logarithmic classes and exotic symbols is more intricate. For instance, when the number field F has a real embedding, Soriano (1997) observed that one may then define a narrow version of the logarithmic class group by analogy with the classical ideal class groups; and she used this for approximating the wild kernel more closely (Soriano, 2000) . But, unexpectedly, the 2-rank of this restricted logarithmic class group C res F sometimes differs from the 2-rank of the group WK 2 (F ) . Moreover, in this case the wild kernel WK 2 (F ) may differ from its subgroup K ∞ 2 (F ) := ∩ n≥1 K n 2 (F ) of infinite height elements in K 2 (F ) . This was observed by J. Tate and then made more explicit by Hutchinson (2001 Hutchinson ( , 2004 .
That last difficulty was finally solved by Jaulent & Soriano-Gafiuk (2004) ; the authors constructed a positive class group ad hoc C pos F which has the same 2-rank as the wild kernel WK 2 (F ) . Nevertheless, in case the set PE F of dyadic exceptional primes of the number field F is empty, that group C pos F appears as a factor of the full narrow logarithmic class group C res F (without any assumption on the degree), so one may still use narrow logarithmic classes in order to compute the 2-rank of the wild kernel.
In the present paper we use the results by Diaz y Diaz, Jaulent, Pauli, Pohst & Soriano (2005) on (ordinary) logarithmic class groups and develop an algorithm for computing the narrow groups C res F in arbitrary number fields F . As a consequence, this algorithm calculates the 2-rank of the wild kernel WK 2 (F ) whenever the field F has no dyadic exceptional places.
The computation of the 2-rank of WK 2 (F ) in the remaining case (PE F = ∅) will be solved in a forthcoming article where we compute the finite positive classgroup C pos F and its subgroup C pos F of positive classes of degree 0.
The group of narrow logarithmic classes C res F
In this preliminary section we recall the definition and the main properties of the arithmetic of restricted (or narrow) logarithmic classes. Jaulent (1994b) and Soriano (2000) give a more detailed account.
Throughout this paper the prime number equals 2 and F is a number field of degree n = r + 2c with r real places, c complex places and d dyadic places.
According to Jaulent (1994a) , for every finite place p of F there exists a 2-adic pvaluationṽ p which is related to the wild p-symbol in case the cyclotomic Z 2 -extension of F p contains i. The degree deg F p of the place p is a 2-adic integer such that the image of (Jaulent, 1994b) , where Log denotes the usual 2-adic logarithm and | | p is the 2-adic absolute value at the place p. The construction of the 2-adic logarithmic valuationsṽ p yields:
where P l 0 F is the set of finite places of the number field F . Setting
We then define the subgroup of logarithmic divisors of degree 0 by:
and the group of principal logarithmic divisors as the image of R F by div F :
Because of (1), P F is a subgroup of D F . And by the so-called extended Gross conjecture the factor group
is a finite group, the 2-group of logarithmic divisor classes (of degree 0) of the field F introduced by Jaulent (1994b). Now let PR F := {p 1 , . . . , p r } be the (non empty) set of real places of the field F and F + be the subgroup of all totally positive elements in F × , i.e. the kernel of the sign map
which maps x ∈ F onto the vector of the signs of the real conjugates of x. For Soriano (1997) introduced the factor group C res
which is called 2-group of narrow (or restricted) logarithmic divisor classes (of degree 0). Under the extended Gross conjecture C res F is finite. In order to make it more suitable for actual computations, we may define it in a slighty different way by introducing real signed divisors of degree 0:
Definition 2.1. With the notations above, the 2-group of real signed logarithmic divisors (of degree 0) is the direct sum:
and the subgroup of principal real signed logarithmic divisors is the image:
The factor group:
is the 2-group of narrow logarithmic divisor classes (of degree 0).
Because of the weak approximation theorem, every class in C res F can be represented by a pair (a, 1) where the vector 1 has all entries 1. So the canonical map a → (a, 1) induces a morphism from D F onto C res F , the kernel of which is P + F . We conclude as expected:
We are now in a situation to present an algorithm for computing narrow logarithmic classes. It uses our previous results by Diaz y Diaz, Jaulent, Pauli, Pohst & Soriano (2005) on (ordinary) logarithmic classes and mimics the classical feature concerning narrow and ordinary ideal classes. We note that this algorithm is a bit more intricate in the logarithmic context since the logarithmic units are not algebraic numbers and are therefore not exactly known from a numerical point of view.
The algorithm for computing C res F
We assume in this section that the number field F has at least one real place and that the logarithmic 2-class group C F is isomorphic to the sum
Thus any real signed divisor (a, ) in D res F can be uniquely written:
Then the (a j , 1) j=1,...,ν together with the (0, i ) i=1,...,r are a finite set of generators of the narrow class group C res F . And we just need to detect the relations among those. From the description of the logarithmic class group C F above we get:
Consequently, a first set of relations is given by the columns of the following matrix
Now, the ν elements α j are only given up to logarithmic units. Hence, we must additionally consider the sign-function on the 2-group E F of logarithmic units of F (Jaulent, 1994a) . More precisely, in case
and we have, of course:
i .
If we can find generators of the 2-group of logarithmic units (see section 4) and therefore the relations (2), the columns of the following matrix R ∈ Z (ν+r)×(ν+2r+c+1) 2 generate all relations for the (a j , 1) and the (0, e j ):
Generators for the 2-group of logarithmic units
In the following we describe how generators of the 2-group of logarithmic units can be computed. The 2-group of logarithmic units
is a subgroup of the 2-group of 2-units E F . If we assume that there are exactly d places p 1 , . . . , p d containing 2 in F , we have, say,
We fix a precision e for our 2-adic approximations by requiring for elements ε of
We obtain a system of generators of E F by computing the nullspace of the matrix
with r + c + 2d − 1 columns and d rows. We assume that the nullspace is generated by the columns of the matrix
where C has r + c + d − 1 and D exactly d rows. It suffices to consider C. Each column (n 1 , . . . , n r+c+d−1 ) tr of the matrix C corresponds to a unit
as an approximation for a logarithmic unit. This procedure yields k ≥ r + c logarithmic units. If the integer k which we get in our calculations is not much larger than r + c then we will proceed with the k generating elements of E F obtained. Otherwise, we reduce the number of generators by computing a basis of the submodule of Z r+c+d−1 which is the span of the columns of C. Of course, by the generalized Gross conjecture we would have exactly r + c such units. This allows us to assert that the precision e, chosen earlier in this section, was sufficient.
Applications in K-Theory
We adopt the notations and definitions in this section from Jaulent & Soriano-Gafiuk (2004) . In particular i denotes a primitive fourth root of unity; and we say that the number field F is exceptional when i is not contained in the cyclotomic Z 2 -extension F c of F , i.e. whenever the cyclotomic extension F c [i]/F is not procyclic.
We say that a non-complex place p of a number field F is signed whenever the local field F p does not contain the fourth root of unity i. These are the places which do not decompose in the extension F [i]/F . For such a place p, there exists a non trivial sign-map
given by the Artin reciprocity map F × p → Gal(F p [i]/F p ) of class field theory. We say that a non-complex place p of F is logarithmically signed if and only if one has i ∈ F c p . These are the places which do not decompose in F c [i]/F c . So the finite set PLS F of logarithmic signed places of the field F only contains:
(i) the subset PR F of infinite real places and (ii) the subset PE F of exceptional dyadic places, i.e. the set of logarithmic signed places above the prime 2.
We say that a non-complex place p of F is logarithmically primitive if and only if p does not decompose in the first step E/F of the cyclotomic Z 2 -extension F c /F . Finally we say that an exceptional number field F is primitive whenever there exists an exceptional dyadic place which is logarithmically primitive. Naturally, the task arises to determine logarithmically signed places, i.e. those non complex places of F for which i is not contained in F c p :
Proposition 5.1. Let E p be the first quadratic extension of F p in the tower of field extension from F p to F c p . Then i ∈ F c p holds precisely for i ∈ E p .
where k is the smallest integer such that α k does not belong to F p with α 0 = 0 and α k+1 = √ 2 + α k .
We assume in the following that the number field F has no exceptional dyadic place. Let us introduce the group C res F of narrow logarithmic classes without any assumption of degree:
Via the degree map, we obtain the direct decomposition:
where the torsion subgroup C res Since, according to Jaulent & Soriano-Gafiuk (2004) , this gives the 2-rank of the wild kernel WK 2 (F ), we can extend the results of Hutchinson (2001 Hutchinson ( , 2004 as follows:
Theorem 5.3. Let F be a number field which has no exceptional dyadic places.
(i) If F is not exceptional (i.e. in case i ∈ F c ) the wild kernel WK 2 (F ) coincides with the subgroup K ∞ 2 (F ) = ∩ n≥1 K n 2 (F ) of infinite height elements in K 2 (F ); the group C res F of narrow logarithmic classes coincides with the group C F of (ordinary) logarithmic classes; and one has immediately:
has index 2 in the wild kernel WK 2 (F ) and one still has: rk 2 WK 2 (F ) = rk 2 C res F ≥ 1 (ii,a) In case WK 2 (F ) and K ∞ 2 (F ) have the same 2-rank, this gives:
(ii,b) And in case K ∞ 2 (F ) is a direct summand in WK 2 (F ), one has:
Proof. In the non exceptional case, the number field F is not locally exceptional, i.e. has no logarithmic signed places: PE F = PR F = ∅. In particular, narrow logarithmic classes coincide with ordinary logarithmic classes and the result follows from (Jaulent & Soriano-Gafiuk, 2004) . In the exceptional case, the number field F may have real places, so the narrow logarithmic class group C res F may differ from the ordinary logarithmic class group. Moreover, because of the assumption P E F = ∅ and the results of Hutchinson (Hutchinson, 2001 (Hutchinson, , 2004 , the subgroup K ∞ 2 (F ) has index 2 in the wild kernel WK 2 (F ). 2
Remark 5.4. It remains to determine whether a number field F is not exceptional, i.e. whether the cyclotomic Z 2 extension F c contains the fourth root of unity i. Of course if i ∈ F c then i is contained in the quadratic subfield E/F in F c . Now the finite subfields of Q c are the real cyclic fields Q (s) = Q[ζ 2 s+2 + ζ −1 2 s+2 ] and the finite extensions of F c are of the form F Q (s) . So we only need to check whether i is contained in
Examples
The methods described here were implemented in the computer algebra system Magma (Cannon et al., 2006) . Many of the fields used in the examples were results of queries to the QaoS number field database (Daberkow & Weber, 1996; Freundt, Karve, Krahmann & Pauli, 2006) .
The wild kernel W K 2 (F ) of a number field F is contained in the tame kernel K 2 (O F ). Let µ(F ) be the order of the torsion subgroup of F × and for a prime p of F over p denote by µ 1 (F p ) the p-Sylow subgroup of the torsion subgroup of F × p . By coupling Moore's exact sequence and the localization sequence (Gras, 1986 , section 1) one obtains the index formula (Belabas & Gangl, 2004, equation (6)):
where p runs through all finite places and r is the number of real places of F . We apply this in the determination of the structure of WK 2 (F ) in the cases where the structure of K 2 (O F ) is known.
In the tables Abelian groups are given as a list of the orders of their cyclic factors. Furthermore we use the following notation:
f is an irreducible polynomial over the integers; F denotes the number field generated by a root of f ; r is the number of real places of F ; d F denotes the discriminant for a number field F ; Gal denotes the Galois group of f ; K 2 (O F ) denotes the structure of the tame kernel of F ; [:] denotes the index (K 2 (O F ) : WK 2 (F )); C F denotes the class group, P the set of dyadic places; C F denotes the 2-part of Cl/ P ; C F denotes the logarithmic classgroup; C res F denotes the group of narrow logarithmic classes; rk 2 denotes the 2-rank of the wild kernel WK 2 ; WK 2 denotes the wild kernel in K 2 (F ); K ∞ 2 denotes the subgroup of infinite height elements in K 2 (F ).
Imaginary quadratic fields. Belabas & Gangl (2004) have developed an algorithm for the computation of the tame kernel K 2 O F . The following table contains the structure of K 2 O F as computed by Belabas and Gangl and the 2-rank of the wild kernel WK 2 (F ) calculated with our methods. We also give the structure of the wild kernel if it can be deduced from the structure of K 2 O F and of the rank of the wild kernel computed here or in (Pauli & Soriano-Gafiuk, 2004) . The structure of the tame kernel K 2 (O F ) of all fields except for the starred entries has been proven by Belabas and Gangl. The table gives the structure of the wild kernel of all imaginary quadratic fields F with no exceptional places and discriminant |d F | < 1000. 
